We perform a calculation of the τ − → ν τ M 1 M 2 , with M 1 , M 2 either pseudoscalar or vector mesons using the basic weak interaction and angular momentum algebra to relate the different processes. The formalism also leads to a different interpretation of the role played by G-parity in these decays. We also observe that, while p-wave M 1 M 2 production is compatible with chiral perturbation theory and experiment, V P and V V p-wave production is clearly incompatible with experiment and we develop the formalism also in this case. We compare our results with experiment and make predictions for unmeasured decays, and we show the value of these reactions, particularly if the M 1 M 2 mass distribution is measured, as a tool to learn about the meson-meson interaction and the nature of some resonances, coupling to two mesons, which are produced in such decays. *
I. INTRODUCTION
Tau decays have been instrumental to learn about weak interaction as well as strong interaction affecting the hadrons produced on τ − hadronic decay [1] [2] [3] [4] [5] [6] . τ − decays into ν τ and a pair of mesons make up for a sizeable fraction of the τ − decay width [7] . Several modes are well measured, as τ − → ν τ K 0 K − [8] 1 , τ − → ν τ π −K 0 [9] , τ − → ν τ π − ω [10, 11] , [12] , τ − → ν τ ηK * − [13] , τ − → ν τ K − ω [14] , τ − → ν τ π 0 ρ − [15] , τ − → ν τ π − K * 0 [12] , τ − → ν τ π − φ [16] , τ − → ν τ K − φ [16] , τ − → ν τ ηK − [17] . As we can see, there are modes with two pseudoscalar mesons and also modes with pseudoscalar-vector.
Surprisingly, there are no vector-vector modes reported in the PDG [7] . Certainly the large mass of the vector mesons leaves small phase space for the decay, but modes like by the spin arrangement of the quarks, it should be possible to relate the rates of decay for two pseudoscalar mesons and the related pseudoscalar-vector or vector modes, for instance,
Based on the basic dynamics of the weak interaction and using the 3 P 0 model [18] [19] [20] to hadronize into two mesons the primarystate formed, we relate the widths of such decay modes.
One interesting point concerning τ − mesonic decays is the issue of charge symmetry discussed in Ref. [21] and the classification of the weak interaction into first and second class currents. The issue, with suggestions of experiments, is retaken in Refs. [22] [23] [24] . One of the interesting reactions is the τ − → ν τ π − η(η ), which according to that classification is forbidden by G-parity, and efforts are made to go beyond the standard model to get contributions to this decay modes [23, 24] .
The G-parity plays indeed an important role in these reactions and in this paper we offer a new perspetive into this issue. We shall see that G-parity for the non strange mesons plays an important role and the rules are different for pseudoscalar-pseudoscalar (P P ) pseudoscalarvector (P V ) or vector-vector (V V ) production. But an extension of these rules appears also in the strange sector for the τ − → ν τ K − η(η ), ν τ K * − η(η ) reactions.
We make a thorough study of all possible Cabibbo-favored and Cabibbo-suppressed re-actions and compare with present available data.
II. FORMALISM
The first step is to look at the τ − → ν τdecay depicted in Fig. 1 for the Cabibbofavored dū production. We obtain the Cabibbo-suppressed mode substituting the d quark by an s quark. However, we are interested in the production of two mesons, not just one, as it would come from the mechanism of Fig. 1 whenmerge into a meson. The procedure to produce two mesons is hadronization by creating a newpair with the quantum numbers of the vacuum. This is depicted in Fig. 2 .
It is easy and relevant to see how two mesons appear, and in which order, to see the relevance of the G-parity in the reactions. For this purpose, and looking only at the flavor components, we proceed as follows [25, 26] And now we write the M matrix in terms of pseudoscalar or vector mesons
where the standard mixing of η and η has been assumed [27] ,
Then M 2 becomes P P, P V, V P, V V and it is important to keep the order of the mesons.
Thus we get
We shall see later that it is precisely the combination of π − η(η ) and η(η )π − that appears in Eq.
(1) what makes the τ − → ν τ π − η decay G-parity forbidden, while the π − π 0 , π 0 π − combination gets reinforced by the relative sign in Eq. (1).
Similarly, we obtain
We see again that π − ρ 0 appears as π − ρ 0 or −ρ 0 π − , π − ω and ωπ − and (
). Once again, we shall see that the order matters in the G-parity conservation.
Thirdly, for the V V combination we get
with, again, relevant signs between the ρ − ρ 0 , ρ 0 ρ − and ρ − ω, ωρ − components.
Replacing the d quark by an s quark we get the Cabibbo-suppressed modes. The hadronization leads to
with the results
Interestingly, even if here we do not have G-parity states, we have also some states appearing in different order, as
This has also consequences, similar to those leading to G-parity selection rules, as we shall see.
A. Weak interaction
We shall not worry about the global normalization and concentrate only on the relationship of the different decay modes discussed before. Then the weak interaction is given by
with C containing weak interaction constants and radial matrix elements that we shall see later on, where L µ is the leptonic current
and Q µ the quark current
As is usual in the evaluation of decay widths to three final particles, we evaluate the matrix elements in the frame where the two mesons system is at rest. For the evaluation of the matrix element Q µ we assume that the quark spinors are at rest in that frame and we have in the Itzykson-Zuber normalization [28] 
with the γ µ matrices,
For the spinors at rest we have
and then
Thus, apart from a global sign we can work with the u spinors all the time.
Next we must care about how to combine the spins of the quark-antiquark to states of given angular momentum. Indeed, in the Wvertex of Fig. 1 , we shall have the matrix
but we want to combine the spins to total angular momentum and for this we use for the antiparticles the rule of particle-hole conjugation [29] , where the hole with m behaves as a particle state according to
We can include the minus sign of Eq. (14) and then we will implement the rule |hole, m → (−1)
We shall, then, carry on the former phase and change the sign of m to combine spins in what follows.
The next step is to realize that for the spinors at rest and γ µ matrices, Eqs. (12) and Eq.
which means, γ 0 becomes the operator 1 with bispinors,
hence, replacing γ i γ 5 by σ i , the Pauli matrices, with bispinors. The rest of matrix elements are zero. Then
Denoting for simplicity,
we can write
where we use the field normalization for fermions of Ref. [30] .
Next we must evaluate M 0 and N i for the different P P , P V , V P and V V combinations.
In order to implement the hadronization of Fig. 2 we use the 3 P 0 model [18] [19] [20] , the essence of which is that theqq introduced must have parity + and zero angular momentum. Sincē q has negative parity we need L = 1 to restore parity, which forces theqq to couple to spin S = 1 and then L, S couple to J = 0. We take the contribution of spin
where | 1 2 , S 3 − s corresponds to the antiparticleq with sign and phase implicitly included and is considered as a normal particle state. This is now coupled to Y 1,M 3 to give J = 0.
Next we must look at the spatial matrix element. For this we assume that for this low energy problem all the quark states are in their ground state. This assumption leads naturally to the weak chiral Lagrangians [31, 32] . Then we have
with q = p 1 − p 2 , where p 1 , p 2 are the momenta of the mesons produced. By means of
we obtain
As we have commented, we do not wish to evaluate this matrix element which involves large uncertainties, but rather establish relationships between different decays based exclusively on the flavor-spin structure. However, due to the fact that j 1 (qr) go as qr, hence q,
for low values of qr, and the fact that q is very different for different decays, due to their different masses, the appropriate procedure is to write
where in the evaluation of F (q) we use the factor
in the integrand which goes to 1 as qr → 0 and is a smooth function over the range of i ϕ i (r). This allows for a better comparison of rates for different decays assuming F (q) the same for all of them since the quark wave functions refer to the ground state in all cases that we study. This factor
q −S 3 (in spherical basis) leads to the WPP coupling of chiral perturbation theory [31, 32] .
Once the integral over d 3 r is done and assuming F (q) the same in all the decays, the |00 state of Eq. (23) leads to
where we have permuted indices in C(110; −S 3 , S 3 ) to obtain this Clebsch-Gordan coefficient (CGC) (we follow Rose conventions and formulas for all the coming Racah algebra [33] )
Next we must combine |00 q with the d,ū spins to obtain the final JM ,JM angular momenta of the two mesons produced. This is accomplished by means of the CGC and we
(ii) N µ (a) P P : J = 0, J = 0
The formulas obtained allow us to exploit selection rules for G-parity. Let us see how it proceeds. By inspecting the change when we permute particle 1 and 2, taking into account TABLE I. Signs resulting in the M 0 , and N µ amplitudes by permuting the order of the mesons.
we find the results of Table I .
In the signs of Table I we have taken into account that when exchanging particle 1 and 2 in the P V case we go to the V P case. For the case of the M 0 amplitude there is no sign
in the formula to go from P V to V P , but for the case Let us use the result of Table I to see the contribution of the channels shown in Eqs. (1), (2), (3) and Eqs. (5), (6), (7), (8) . If we take the π − π 0 channel it comes with the combination
As a consequence N µ adds for the two terms and we have a weight 2
On the other hand if we take π − η, π − η they come with the combinations
and then the combination of the two terms cancel and we do not have π − η, π − η production. In the next subsection we shall see the relationship of this to G-parity. We can proceed like that for the π − ρ 0 , ρ 0 π − there the two terms add in M 0 and cancel in N µ . The opposite happens to the π − ω channel and so on. A consequence of that, although there is no G-parity in this case, is that the terms
give a weight of
for the K − η channel, and
for N µ for the K − η channel. For the same reasons the contribution of ηK * − , K * − η lead to a weight
in M 0 for ηK * − and zero in N µ , while η K * − and K * − η combine to give a weight
in M 0 and
in N µ for η K * − . Altogether we find the weight of M 0 , h i , and N µ , h i , for the different channels in Table II . Since we want to evaluate ratios, the Cabibbo suppressed modes go with sin θc cos θc = tan θ c with respect to the allowed modes, with θ c the Cabibbo angle, cos θ c = 0.97427. components as they appear in the hadronization.
B. G-parity considerations
Taking into account the G-parity of the mesons, π(−), η(+), η (+), ρ(+), ω(−), φ(−) we can associate a G-parity to all nonstrange M 1 M 2 pairs. On the other hand, the G-parity can already be established from the original dū pair and the operator producing them, 1 or σ i . We know that the G-parity for quarks belonging to the same isospin multiplet is given by [20] 
but here L = 0, I = 1 and S = 0 for the 1 operator and S = 1 for the σ i operator. Thus we have G-parity negative for the 1 operator and positive parity for the σ i operator. As a consequence we find the result of Table III for the different channels. 
We can see comparing with Table II that the G-parity rules of Table III coincide with what we obtained in Table II and M 2 . We can see that the matrix elements are all zero for π − η, π − η cases, which shows from a different perspective that it is the value of M 0 = 0 for P P and G-parity what makes the matrix elements zero, in coincidence with results obtained through different methods [22] [23] [24] . Note, however, that the G-parity restrictions have clear repercussions on which of the M 0 or N µ terms contribute to the process.
III. EVALUATION OF |t| 2 FOR THE DIFFERENT PROCESSES
Following the nomenclature adopted in Eq. (19) we must evaluate
and in this equation we must sum over M, M the spin third components of J, J . This is done in Appendix B and here we summarize the results.
Only the term N µ contributes and we obtain
which, as discussed previously is evaluated in the frame where the system M 1 , M 2 is at rest, p is the momentum of the τ , or ν, in that frame, given by (21) is evaluated in this frame too. In Eq.
(41) p 1 is the momentum of the meson M 1 in the same frame where the system M 1 M 2 is at rest,
2) P V, J = 0, J = 1; V P, J = 1,
b) The M 0 N i and N i M 0 combinations gives zero.
c) The N i N j term of Eq. (40) gives
3)
(c) The L ij N i N j term gives the result
Taking into account the weights h i , h i of Table II , we get finally the following result 1) P P, J = 0, J = 0
2) P V, J = 0, J = 1; V P, J = 1, J = 0
3) V V, J = 1, J = 1
In the former equations the angle integrations are already done in a way that finally we must take into account the full phase space with the angle independent expressions obtained in the former equations and we obtain
where p ν is the neutrino momentum in the τ rest frame 
tan θ c
IV. S-WAVE DECAYS
In the previous sections we have assumed that the quarks d,ū of Fig. 1 are produced in their ground state, this leads to a negative paritystate, which makes the pair of mesons after the hadronization to be produced in p-wave and this is in agreement with the results of chiral perturbation theory for τ − decay into ν τ and a pair of pseudoscalar mesons.
We shall extrapolate the scheme to pseudoscalar-vector and vector-vector production, but we can anticipate that, since the masses of these mesons are larger, the resulting momenta for the mesons are much smaller and the p-wave mechanism will lead to very small widths.
Certainly, in this case, s-wave production shall be preferable. There is just one inconvenience.
Two mesons with negative parity and s-wave have positive parity. This means that the dū must be produced in an L = 1 state. This is accomplished creating one quark in L = 1 state.
The formalism in this case proceed in a total analogy to what we have done before.
There is only one difference. Since an Y (L , M 3 , 1) is introduced, we have now two spherical harmonics. This one and the one from the 3 P 0 model, and they must combine to final s-wave.
which can have l = 0, 2 for parity reasons and we then choose l = 0. Evaluating explicitly the CGC we obtain
And the rest of calculations proceed as in the case of p-wave, only the Y 1,µ (q) does not appear. Also the form factor now implies j 0 (qr) instead of j 1 (qr) and there is no need to take the factor q outside the integral. We obtain the results:
2) N µ a) P P, J = 0, J = 0
c) V P, J = 1, J = 0
In this case table I is changed and under the exchange of the two mesons we obtain opposite signs than in this table because we do not have the Y 1,µ (q) factor. As a consequence the weights of some channels, particularly those of defined G-parity are changed. Note that now the rule (−1) L+S+I for the G-parity implies positive G-parity for the operator "1" and negative G-parity for the operator σ i . As a consequence we get the results of table IV for the new weights of the channels involved. The rest do not change. The final formulas for |t| 2 , up to a global normalization, are the same for p-wave removing the factor p 2 1 , concretly:
V. RESULTS
In Table V we show the results for the decays in Table II assuming the mesons are in p-wave. We should be careful selecting the data because in some cases a strong resonance can appear. This is the case of τ − → π 0 π − ν τ where the ρ − (770) can be formed and decay to π 0 π − . We should note that the τ − → ν τ ρ − decay does not require the hadronization since acan already produce the ρ − [36] . In this case the rate of ρ − production should be bigger than the nonresonance π 0 π − ν τ which is actually the case experimentally. We calculate only the non resonance part of the decay, which involves the hadronization and we compare with the "non resonance" results of the PDG [7] . The same can be said about the π −K 0 ν τ and π 0 K − ν τ . In fact, for π −K 0 ν τ the whole branching ratio is 8.4 × 10 −3 while the "non resonance" part is 5.4 × 10 −4 . In this case the resonance part comes from τ − → K * − ν τ .
For the π 0 K − ν τ the PDG only quotes the whole branching ratio. We have estimated the non resonance part as explained in the footnote of Table V .
If we look at the first block of Table V for decay to two pseudoscalars, we find that fixing our normalization to K − K 0 ν τ the rates obtained in the other cases are close to experiment within a factor of two or less. The rates obtained for ηπ − ν τ and η π − ν τ are zero in our case, and experimentally the upper bounds are very small. For the case of η K − ν τ we also get a value of the branching ratio which is smaller than the experimental upper bound. The exception to the rule is the τ − → π 0 π − ν τ that in our case is about one order of magnitude bigger than experiment. This already indicates that the form factor of Eq. (27) , withuite big and
in the integrand, which we have assumed equal for all decays, should be smaller in the case of π 0 π − ν τ production. We should also note that we are taking a pion as a simple qq, but this light Goldstone boson should be more complicated. Our results, and the discrepancies found, could serve as a tool of comparison for theoretical models of this form factor. As to the second block in Table V , for P V , and V V decay, what we observe is that the assumption of p-wave in the mesons leads systematically to very small results compared to the experiment. There are two cases where the discrepancies are larger than in the other cases. This occurs for τ − → K − ρ 0 ν τ and τ − →K 0 ρ − ν τ . This has to be understood as a large contribution from the resonance K 1 (1270) decaying intoKρ, as found in [37] , while we only calculate the non resonance contributions. Yet, the findings of that work are illustrative because the K 1 (1270) couples toKρ in s-wave [38] [39] [40] , which clearly indicate that P V and V V proceed via s-wave meson-meson production, not p-wave. We also take into account the mass distributions for the particles that have a width, but this leads to effects of the order of 10 − 20% for the cases where are data, and do not improve the large discrepancies found.
As mentioned, the experimental data for τ
is not adequate and instead the decays proceeds with the two mesons in s-wave. In Tables   VI, VII, This has been done according to the following formulas. In the case of only one vector we make the convolution
where D(m 1 ) is the vector propagator,
and N is the normalization factor
For the case of two vectors we make a double convolution as
where
When performing the convolution, some of the decays forbidden in Table VI , as τ − → η K * − ν τ and τ − → K * 0 K * − ν τ , are now allowed, and finite results arise in Table VII, although with very small rates. By looking at Table VII and normalizing the results to the τ − → ηK * − ν τ branching ratio, we obtain fair results compared to experiment within a factor of about two, with two exceptions:
As discussed previously, these two decays have a large contribution from the K 1 (1270) resonance [37] and thus, with the non resonance part that we calculate we underestimate the experimental results by about a factor three or more. This can be used in an opposite direction: a gross underestimation of the rates that we have calculated compared with future experiments would be indicative of substantial resonance contribution, which can stimulate the research for such resonance in the mass distribution.
It is also worth mentioning that in the work of [39, 40] this K 1 (1270) resonance were found coupling mostly to πK * and Kρ. The fair agreement with the data of τ − →K * 0 π − ν τ should be looked with caution, because we expect some overestimation due to the light pion mass, which indicates that there is room of a resonance contribution, in this case one of the two K 1 (1270). Something similar could be said about the τ
decays. We should also expect an overestimation due to the small pion mass but we instead underestimate the data by about a factor of two. This again has to be looked with the perspective that the πρ couples strongly to the h 1 (1170) and a 1 (1260) resonanes [39] .
For vector-vector there is also work leading to dynamically generated resonance from the V V interaction [41, 42] . However we do not have data for τ − decay into ν τ and V V , something that could change in the future. In that case the comparison of the measured decay rates with our predictions would be of interest.
Finally, we should also mention that the formalism discussed here can be considered as a starting point to study the final state interaction of M 1 M 2 , eventually leading to dynamically generated resonances. It would be most interesting to study experimently in detail invariant mass distributions in the τ − → M 1 M 2 ν τ decays. One case that has deserved much attention in the τ − → πρν τ via the a 1 (1260) [43] . In [44] this decay is done via τ − → ν τ P V ,
with P V coupled channels that generate the a 1 (1260), which decays into πρ. A different perspective, from the point of view of resonance effective theory, including explicitly the a 1 (1260) resonance, is given in [1, 45] . A high precision is obtained in the data and one can think that such precision could be reached in other decays. In the approach of [44] one would take the amplitudes evaluated here for τ − → ν τ M 1 M 2 with all possible coupled channels that lead to a given resonance, then propagate M 1 M 2 as they would do in scattering theory, and later these M 1 M 2 mesons are coupled to M 1 M 2 , which are the observed mesons. The
on the resonance [39, 42] . 
Decay process BR (Theo.) BR (Exp.) Cabibbo
The PDG has only the whole contribution including K * − production. We evaluate the rates in two ways:
1 2 of the rate of τ − → π −K 0 ν τ (non resonance) and taking the whole range times the ratio of
Both ways give the same result. The error is taken from τ 
VI. CONCLUSIONS
We have performed a study of the τ − decay into ν τ and two mesons, with the aim of establishing a relationship between production of two pseudoscalars, a pseudoscalar and a vector and two vectors. For this we have used the dynamics of the weak interaction and worked out all the angular monmentum-spin algebra to relate these processes, provided the form factors stemming from the radial wave functions are the same in the different cases, which involve only quarks in their ground states.
The calculations done allow us to present a new perspective of the role played by Gparity in these reactions, involoving u, d quarks. However, we also find that the selection rules of G-parity have repercussion in the matrix elements of τ
where G-parity does not apply.
We compare our results with experiment. For τ − decays into ν τ and two pseudoscalars
we assume that the two mesons are produced with p-wave. This is agreement with the formalism of chiral perturbation theory. In our case the two mesons are produced from an initialformation by the W , followed by the hadronization ofinto two mesons, which is done using the 3 P 0 model. However, we observe that assuming also p-wave for the pseudoscalar-vector and vectorvector production one obtains results clearly incompatible with experimental data. This fact and experimental evidence that in such case the mesons are produced in s-wave, leads us to redo the formalism for production of the two mesons in s-wave.
Comparison with the experimental results shows that our predicitons are fair, in spite of the large differences in the rates for different cases. We also make predictions for unmeasured decays.
Another point in the results is that sometimes there are larger discrepancies from the data, and in these cases we could identify the reason of the discrepancies to large resonance contribution, with the resonance decaying finally into the two meson observed.
We also emphasize that our formalism can be directly used to take into account final state interaction of the mesons that in some cases lead to dynamically generated resonances.
Finally we also emphasize the value of these decays to study the meson-meson interaction and the nature of some resonances, which should stimulate experimentalists to measure the two-meson mass distributions in these decays in analogy to what is done in the τ − → ν τ a 1 (1260) → ν τ πρ, where the πρ mass distribution is measured with great precision.
Using the permutation relations [33]
we obtain:
and summing over s, keeping M fixed we obtain, using the formulas of [33] ,
in terms of a Racah coefficient, W(· · · ).
We can write this in a more symmetrical way by taking
such that finally we obtain,
We apply it to the different M 1 M 2 cases:
The Clebsch-Gordan Coefficient (CGC) C (001; · · · ) is zero, hence:
Using the table in the Appendix of [33] we find
and then, for any M ,
and thus we get, for any M ,
and thus we get
2) N µ :
We have:
Note that now the variable s is in the four CGC and we cannot get directly a Racah coefficient. For this we use again formulas of [33] to decompose two CGC into other two, one of which does not depend on s. First we use the permutations
and
and we find:
We can use formulas of [33] and write the first two CGC as
We use again CGC permutation relations:
Then summing over M − µ − s, keeping M − µ fixed, we get for the sum of the three CGC to the right of Eq. (A20) [33] 2(2j + 1)
So, finally we get
We apply this equation to the different M 1 M 2 cases and find: a) P P : J = 0, J = 0
which implies M = 0, and j = 1,
which also implies that M = 0 and j = 1. The Racah coefficients are the same as in Eq. (A11) and we finally get
We use Eq. (A23) which implies M = 0 and j = 1 and then write
We need the Racah coefficients of Eqs. (A11) and (A13), and we get 
we finally find 
and for the sum of j = 0, j = 1 we get the final result Following the nomenclatureL µν = L µ L †ν adopted before for simplicity, we have for the leptonic sector
Thus for the leptonic plus hadronic matrix elements we have
We have to take the product of these hadronic components, sum over M, M and contract withL µν . We do that for the different M 1 M 2 cases. a) P P : J = 0, J = 0
In this case M 0 = 0 and we only have to calculate N i N * j .
We use Eq.(A25) and write
sincep 1 is evaluated in the rest frame of M 1 M 2 . This means that in cartesian coordinates we can write
and then from Eq. (B2):
with
where the last step comes from the integral over cos 2 θ. We replace cos 2 θ by 1/3 and put the whole phase space later independent on the angles. Then we get, including the weighth i for the N i term
and p given in Eq. (42),
In Eq. (B7) and what follows E τ , E ν are also calculated in the M 1 M 2 rest frame, 
This is again the case also in V P and V V and we do not discuss it further.
Thus, we have contributions from:
